In this paper, the basic solutions of two parallel mode-I cracks or four parallel mode-I cracks in the piezoelectric materials were investigated by means of the Schmidt method for the limited-permeable electric boundary conditions. The electric permittivity of air in the crack was considered. Through the Fourier transform, the problems can be solved with the help of two pairs of dual integral equations, in which the unknown variables were the jumps of the displacements across the crack surfaces, not the dislocation density functions. To solve the dual integral equations, the jumps of the displacements across the crack surfaces were directly expanded in a series of Jacobi polynomials. Finally, the effects of the distance between two parallel cracks, the distance between two collinear cracks and the electric boundary conditions on the stress and the electric intensity factors in the piezoelectric materials are analyzed. These results can be used for the strength evaluation of the piezoelectric materials with multi-cracks. The crack shielding effect is also present in the piezoelectric materials.
Introduction
Multi-functional piezoelectric materials are used in many fields of engineering. Usually, these materials are integrated into complex structures as sensors, transducers and actuators, where they are exposed to high mechanical and electric loading. In order to make piezoelectric materials to have high strength, high reliability and long lifetime, the behaviors of cracks in brittle piezoelectric structures have to be understood and described (Wippler et al., 2004) . Therefore, it is of great importance to study the electro-elastic interaction and fracture behavior of piezoelectric materials. For the fracture problem of the piezoelectric materials, many experts Gao et al. (1997) , Sosa (1992) , Suo et al. (1992) , Zhang and Tong (1996) , Zhang et al. (1998) , Zhong and Meguid (1997) , McMeeking (1987) ; have studied electric fracture mechanics. In the theoretical studies of 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr. 2006.11.019 crack problems in piezoelectric materials, the researchers assume the crack surfaces to be stress-free, but they have different opinions about the electrical boundary condition on the crack surfaces. Since the dielectric constant of air or the medium between the crack faces is very small compared to that of the piezoelectric materials, Deeg (1980) and Pak (1990) have assumed crack surfaces to be free of surface charge. This is called as the impermeable crack mode. According to this crack mode, the interaction of multiple parallel impermeable cracks in the piezoelectric materials was studied by the 'pseudo-traction-electric displacement' method in reference (Han and Chen, 1999) . Multiple crack interaction problem in magnetoelectroelastic solids was also investigated by the 'pseudo-traction-electric displacement' method in reference (Tian and Gabbert, 2004) . On the other hand Parton (1976) , Mikhailov and Parton (1990) considered that the thickness of the cracks is very small and cracks in a piezoelectric material consist of vacuum, air or some other gas. Electric fields can go through the crack, so the electric displacement component perpendicular to the crack surfaces should be continuous across the crack surfaces. This is called as the permeable crack mode. Along this line, the crack problem in piezoelectric materials was studied in reference (Zhang and Hack, 1992) . Recently, the interactions of two parallel permeable crack and four parallel permeable cracks in the piezoelectric materials were investigated in references (Zhou et al., 2003; Sun et al., 2004) . However, they are all for the anti-plane shear fracture problem. It is interesting to note that very different results were obtained by changing the boundary conditions (Soh et al., 2000) , i.e., permeable and impermeable. Strictly, even if the permittivity of air is quite small, the flux of an electric field through the crack gap should not be zero, so it is better to take the electric boundary condition as following form (Hao and Shen, 1994; Hao, 2001 ) (it is supposes that the crack is located on the xaxis):
in which D y , /, e 0 and (v + À v À ) are the electric displacement component along the y-axis, the electric potential, the permittivity of air in crack and the opening displacement component of the crack surfaces. This kind of the electric boundary condition was first given in Hao's paper (Hao and Shen, 1994) and will be reduced to permeable boundary condition when v + À v À = 0 and to impermeable one when e 0 = 0. This is called as the limited-permeable crack mode. However, to our knowledge, the electro-elastic behaviors of the piezoelectric materials with two parallel limited-permeable mode-I cracks or four parallel limited-permeable mode-I cracks have not been studied by the Schmidt method (Morse and Feshbach, 1958) . The present work is an attempt to offer the related information. Here, we give a theoretical solution for this problem.
In this paper, the behaviors of two parallel limited-permeable mode-I cracks or four parallel limited-permeable mode-I cracks in the piezoelectric materials were investigated by means of the Schmidt method (Morse and Feshbach, 1958) . At the same time, the electric permittivity of air in the crack was considered as discussed in reference (Hao and Shen, 1994; Hao, 2001 ). The Fourier transform was applied and thus the mixed boundary value problem was reduced to two pairs of dual integral equations, in which the unknown variables were the jumps of the displacements across the crack surfaces. To solve the dual integral equations, the jumps of the displacements across the crack surface were directly expanded in a series of Jacobi polynomials and the Schmidt method (Morse and Feshbach, 1958) was used. From the solutions of the present paper, it can be obtained that the stress intensity factors of the cracks increase with increase of the distance between two parallel cracks and the effects of the electric boundary conditions on the electric displacement fields are large.
Formulation of the problem

Case-I:
It is assumed that there are two parallel cracks of length 2l in piezoelectric material plane as shown in Fig. 1 . h is the distance between two parallel cracks. A Cartesian coordinate system (x, y) is positioned as shown in Fig. 1 .
Case-II:
It is assumed that there are two pairs of parallel cracks with the same length 1 À r in piezoelectric material plane as shown in Fig. 2 . h is the distance between the parallel cracks. 2r is the distance between two collinear cracks. A Cartesian coordinate system (x, y) is positioned as shown in Fig. 2. (The solution of two pairs of parallel cracks with the same length r 0 À r in piezoelectric material plane can easily be obtained by a simple change in the numerical values of the present paper for crack length 1 À r/r 0 , r 0 > r > 0). Consider one pair of cracks located from À1 to Àr at y = h and at y = 0, respectively, and the other pair located from r to 1 at y = h and at y = 0, respectively.
It is assumed that the plate were subjected to a uniform tension stress r yy (x, 0) = Àr 0 (r 0 is a magnitude of the uniform tension stress loading). Here, the standard superposition technique was used in the present paper and we just consider the perturbation fields. As discussed in references (Hao and Shen, 1994; Hao, 2001) , the electric permittivity of air in the cracks will be enforced in the present paper. So the boundary conditions can be written, respectively, as Case-I: 
k ðx; yÞ (i = x, y, k = x, y, j = 1, 2, 3) are the plane stresses and in-plane electric displacements, respectively. u (j) (x, y) and v (j) (x, y) represent the displacement components in the x-and y-directions, respectively. / (j) (x, y) is the electric potential. Also note that all quantities with superscript j (j = 1, 2, 3) refer to the upper half plane 1, the layer 2 and the lower half plane 3 as shown in Figs. 1 and 2 , respectively. D y (x, 0) and D y (x, h) are the electric displacements in the lower and the upper cracks, respectively. e 0 is the electric permittivity of air in the crack.
Basic equations of the Piezoelectric materials
For the plane problem, the basic equations of linear, homogeneous, transversely isotropic, piezoelectric materials, with vanishing body force and free charges are (Hao and Shen, 1994; Hao, 2001) 
Solution procedures
Eqs. (15)- (17) can be solved by use of the method as giving in Yang's work (Yang, 2001) . As expression in Yang's work (Yang, 2001) , Eqs. (15)- (17) Based on the cofactors D ik of det [MD] (i, k = 1, 2, 3), and the method developed in references (Chen et al., 2004; Ding et al., 1996; Yang, 2001) , the general solutions of Eq. (18) can be written as follow:
In Eq. (23), the function F(x, y) satisfying the equation as Using the symmetry on y-axis and the Fourier transform on x, the function F(x, y) can be expressed as
Substitution of Eq. (25) into Eq. (24) yields
which is a homogeneous equation. The solution of f(s, y) is a function of exp(ksy) in which k is the root of the algebraic equation
The properties of the roots k 2 depends on the parameter, D = q 2 /4 + p 3 /27.
(1) D > 0, one real root and a pair of conjugate complex roots.
Based on Eq. (28), we obtain 
which indicates that at least one of the roots k 2 i (i = 1, 2, 3) is positive. Depending on the properties of k 2 , the function f(s, y) has four different general solutions (for y P 0, j = 1, 2): 
where d and x > 0 and A i (s)(i = 1, 2, 3) is a function of s to be determined by the boundary conditions. In this Section, the above discussion was the same as one in Yang's work (Yang, 2001 ).
Based on the solution of the auxiliary function f(s, y), the displacements, the stresses, the electric displacements and the electric potential fields are calculated by using Mathematica and using Eqs. (33)- (36) (14), (23), (25) and (33), the general expressions for the displacements, the stresses, the electric displacements and the electric potential fields can be written as follows (The other cases can be obtained using a similar method. Here, they are omitted in the present paper.): 
where v To solve the problem, the jumps of the displacements and the electric potentials across the crack surfaces are defined respectively as follows: 
It can be obtained that f 1 (x) and f 3 (x) are two odd functions, f 2 (x), f 4 (x), f 5 (x) and f 6 (x) are four even functions. Substitution of Eqs. (37)- (39) into Eqs. (43)- (48), applying the Fourier transform, Eqs. (40)- (42) and the boundary conditions (2)-(5), we have 
where D 0 = D y (x, 0) (|x| 6 l) have approximately tendencies to be a constant as discussed in references (Hao and Shen, 1994; Hao, 2001) , respectively. The thickness of the crack is very small. So the changing rate of D y (x, 0) along the thickness direction in the crack is also very small. Here, it is also assumed that 
The other cases can be obtained using the same method.).They depend on the properties of the materials.It can be obtained that g 1 (s) = g 6 (s) = g 6* (s) = g 11 (s) = g 16 (s) = g 16* (s) = 0, g 2 ðsÞ ¼ g 12 ðsÞ ¼ g
Ã is a constant), g 3 (s) = Àg 9 (s), g 4 (s) = g 10 (s), g 4* (s) = g 10* (s), g 5 ðsÞ ¼ g 15 ðsÞ ¼ g To determine the unknown functions f 1 ðsÞ and f 2 ðsÞ, the above four pairs of dual integral Eqs. (60)- (62) must be solved.
Solution of the dual integral equations
The Schmidts method (Morse and Feshbach, 1958 ) is used to solve the dual integral Eqs. (60)- (62). The jumps of the displacements across the crack surfaces are directly expanded by the following series:
Case-I: 
for r 6 x 6 1; ð63-IIÞ f 1 ðxÞ ¼ 0 for 0 6 x < r; 1 < x; ð64-IIÞ
for r 6 x 6 1; ð65-IIÞ f 2 ðxÞ ¼ 0 for 0 6 x < r; 1 < x; ð66-IIÞ where a n and b n are unknown coefficients, P ð1=2;1=2Þ n ðxÞ is a Jacobi polynomial (Gradshteyn and Ryzhik, 1980 ) (It is well known that the Jacobi polynomial P ð1=2;1=2Þ n ðxÞ is a closed orthonormal function sequence. The weight function is ð1 À x 2 Þ 1 2 .). The Fourier transforms of Eqs. (63)- (66) are (Erdelyi, 1954 ) Case-I: , C (x) and J n (x) are the Gamma and Bessel functions, respectively. Substituting Eqs. (67)- (68) into Eqs. (60)- (62), we can show that Eq. (62) are automatically satisfied. After integration with respect to x in [0, x] and in [r, x] , respectively, Eqs. (60)- (61) reduce to Case-I:
0 6 x 6 l: ð70-IÞ Case-II: (70) can now be solved for the coefficients a n and b n by the Schmidt method (Morse and Feshbach, 1958) as discussed in reference (Zhou et al., 1999) 
It can be solved for the coefficients b n by the Schmidt method. Here the form À P 1 n¼0 a n G Ã n ðxÞ can be considered as a known temporarily. A set of functionsP n (x), which satisfy the orthogonality condition 
So it can be rewritten
Substituting Eq. (78) into Eq. (71), it can be obtained
So it can now be solved for the coefficients a n by the Schmidt method again as above mentioned. With the aid of Eq. (78), the coefficients b n can be obtained.
Stress intensity factors
The coefficients a n and b n are known, so that the entire stress field can be obtained. However, in fracture mechanics, it is important to determine the stresses r The results of the stress intensity factors K I , K II and the electric displacement intensity factor K D at the crack tips can be given as follows:
From Eqs. (80-II)-(82-II) the singular parts of the stress fields and the electric displacement fields can be expressed respectively as follows (x > 1 or x < r): 
At the left tip of the right crack, the stress intensity factors K 
n a n F n ; ð87-IIÞ 
ð91-IIÞ
Numerical calculations and discussion
As discussed in works (Itou, 1978; Zhou et al., 1999 , it can be seen that the Schmidt method is performed satisfactorily if the first ten terms of infinite series in Eqs. (71)- (72) are retained. In all computations, the material (PZT-4) constants are assumed to be that c 11 = 13.9 · 10 10 N/m 2 , c 13 = 7.43 · 10 10 N/m 2 , c 33 = 11.3 · 10 10 N/m 2 , c 44 = 2.56 · 10 10 N/m 2 , e 15 = 13.44 C/m 2 , e 31 = À6.98 C/m 2 , e 33 = 13.84 C/m 2 , e 11 = 60.0 · 10 À10 C/Vm and e 33 = 54.7 · 10 À10 C/Vm, respectively. In the present paper, the value of D 0 depends on the external loading. However, the aim of the present paper is to study the effect of the electric permittivity e 0 of air in the crack on the stress fields and the electric displacement fields near the crack tips. We assume that D 0 is a fixation value and e 0 is a variable. So D 0 /e 0 can be used as a variable. The results of the stress fields and the electric displacement fields are plotted in Figs. 3-12 . Some conclusions can be drawn as follows: 0.8 (i) In the present paper, the generalized Almansi's theorem and the Schmidt method are applied and the basic solutions are then obtained of potential functions and intensity factors of fields for the piezoelectric materials with two parallel mode-I cracks or four parallel mode-I cracks. At the same time, the electric permittivity of air in the crack was considered in the present paper. This method in the present paper is feasible for general cases, as discussed in Eqs. (33)- (36), and thus the obtained solution is valid to general cases. However, the Eshelby-Stroh's method which adopted in reference (Liu et al., 2001; Gao et al., 2003) is valid only for the cases of non-degenerate materials. 5, 6, 9, 10 and 12. ( iii) The unknown variables of dual integral equations are the jumps of the displacements across the crack surfaces, not the analytic functions or the dislocation density functions. To solve the dual integral equations, the jumps of the displacements across the crack surfaces are directly expanded in a series of Jacobi polynomials. The solving process of the present paper is quite different from that adopted in the works (Gao et al., 1997 (Gao et al., , 2003 Sosa, 1992; Zhang and Tong, 1996; Zhang et al., 1998; Zhong and Meguid, 1997; McMeeking, 1987; Parton, 1976; Mikhailov and Parton, 1990; Hao and Shen, 1994; Hao, 2001; Han and Chen, 1999) . (iv) The normal stress intensity factors increase with increase of the distance between two parallel cracks as shown in Figs. 3 and 4. This phenomenon is called crack shielding effect as discussed in Ratwani's paper (Ratwani and Gupta, 1974) . The shield effects will be small for h > 15.0. The results of the normal stress intensity factors tend to a constant 1 with increase of the distance between two mode-I cracks for case-I. It is equal to the normal stress intensity factor of a mode-I crack in the piezoelectric materials. The shear stress intensity factors are not equal to zero. This is cased by the interaction of two parallel cracks. The shear stress intensity factors will decrease with increase of the distance between two parallel cracks for 0 < h < 1, then they will increase slowly with increase of the distance between two parallel cracks until to zero as shown in Figs. 3 and 4. For case-I, this phenomenon is the same as the case of a mode-I crack in the piezoelectric materials. It can be also shown that the solving processes of the present paper are right. (v) It can be found that the magnitudes of the electric displacement intensity factors increase with increase of the distance between two parallel cracks as shown in Figs. 5 and 6. They tend to the constants with increase of the distance between two parallel cracks. (vi) The normal stress intensity factors do not depend on the electric permittivity of air in the crack as shown in Figs. 7 and 8. However, the shear stress intensity factors and the electric displacement intensity factors depend on the electric permittivity of air in the crack as shown in Figs. 7-10 . The magnitudes of the electric displacement intensity factors increase with increase of D 0 /e 0 , i.e., the magnitudes of the electric displacement intensity factors increase with decrease of the electric permittivity e 0 of air in the crack as shown in Figs. 9 and 10 . The results of the electric displacement intensity factors in the present paper tend to ones of impermeable mode-I crack in the piezoelectric materials. (vii) The normal stress intensity factors increase with increase of the crack length as shown Fig. 11 . The magnitudes of the shear stress intensity factors and the electric displacement intensity factors also increase with increase of the crack length as shown Figs. 11 and 12. (viii) For the Case-II, the interaction of the two collinear cracks decrease with increase of the distance between the two collinear cracks as shown in Figs. 11 and 12. It can be also obtained that the normal stress fields at the inner crack tips are greater than the ones at the outer crack tips as shown in Figs. 4, 8 and 11. It can be also obtained that the magnitudes of the electric displacement intensity factors at the inner crack tips are also greater than the ones at the outer crack tips as shown in Figs. 6, 10 and 12. However, the magnitudes of the shear stress intensity factors at the inner crack tips are smaller than the ones at the outer crack tips as shown in Figs. 4, 8 and 11 . This may be cased by the piezoelectric effects of the piezoelectric materials. 
